§微专题——双曲线的渐近线与离心率
（一）知识梳理







1、渐近线方程：（型）；（型，退化的双曲线），涉及中点问题时，可以使用点差法，弦中点的结论：（为中点）；
2、坐标轴为角平分线：角相等，角平分线定理；





3、记渐近线与准线：的交点为，则渐近线，，;




4、记渐近线与直线：的交点为，则，.

[image: ][image: ]
（二）典例示范









例1、（2019年全国Ⅰ）已知双曲线：的左、右焦点分别为，过的直线与的两条渐近线分别交于两点．若，，则的离心率为____________．





解析：如图，又，故为正三角形，故.
[image: ]
[bookmark: topic_6efe7aa4-2bf7-45a1-9ce8-d8d7d07ab5]


[bookmark: topic_89bbf3f8-028d-44a6-9e13-aa3e55803b]例2、已知双曲线C：[image: \dfrac{{x}^{2}}{{a}^{2}}- \dfrac{{y}^{2}}{{b}^{2}}=1\left(a > 0,b > 0\right) ]的右焦点F，过点F作其中一条渐近线的垂线，垂足为M，与另一条渐近线交于N，若[image: \overrightarrow{FN}=2\overrightarrow{MF}]，则双曲线的离心率为[image: (\:\:\:\:)]
A. [image: \dfrac{2\sqrt{3}}{3}]	B. [image: \sqrt{2}]	C. [image: \sqrt{3}]	D. [image: 2\sqrt{2}]
解：双曲线的渐近线方程为[image: y=± \dfrac{b}{a} x]，设M在直线[image: y= \dfrac{b}{a} x]上，[image: M(x _{0} , \dfrac{b}{a} x _{0} )]，[image: F(c , 0)]，
[image: ]
则[image: \left|MF\right|= \dfrac{bc}{ \sqrt{{a}^{2}+{b}^{2}}}=b,\left|OM\right|= \sqrt{O{F}^{2}−M{F}^{2}}= \sqrt{{c}^{2}−{b}^{2}}=a ]，
[image: ∵2 \overset{→}{MF}= \overset{→}{FN},∴\left|FN\right|=2b ]，[image: ∴S _{\triangle OFN} =2S _{\triangle OMF}]，
即[image: \dfrac{1}{2} ×c×|ON|×\sin∠NOF=2× \dfrac{1}{2} ×ac×\sin∠MOF]，
[image: ∵∠MOF=∠NOF]，[image: ∴|ON|=2a]，在[image: Rt\triangle OMN]中，
由勾股定理得[image: a ^{2} +9b ^{2} =4a ^{2}]，[image: ∴b ^{2} = \dfrac{{a}^{2}}{3} ]，[image: ∴e= \dfrac{ \sqrt{{a}^{2}+{b}^{2}}}{a}= \dfrac{2 \sqrt{3}}{3} ]．故选A．

[bookmark: topic_3157d950-31c8-451a-894c-6b0a33f205]例3、已知F是双曲线C：[image: \dfrac{{{x}^{2}}}{{{a}^{2}}}-\dfrac{{{y}^{2}}}{{{b}^{2}}}=1 (a > 0 , b > 0)]的一个焦点，[image: l _{1}]，[image: l _{2}]是双曲线的两条渐近线，过F且垂直于[image: l _{1}]的直线与[image: l _{1}]，[image: l _{2}]分别交于A，B两点，若三角形AOB的面积[image: S _{\triangle AOB} =2ab(O]为原点[image: )]，则双曲线的离心率为[image: (]   [image: )]
A. [image: \dfrac{\sqrt{15}}{3}]或[image: \dfrac{\sqrt{21}}{3}]	B. [image: \dfrac{\sqrt{6}}{2}]或[image: \sqrt{2}]	C. [image: \dfrac{\sqrt{10}}{2}]或[image: \dfrac{\sqrt{6}}{2}]	D. [image: \dfrac{\sqrt{10}}{2}]或[image: \sqrt{6}]
[image: ]
解：由题意可得有如下两种情况：[image: (1) b > a > 0]，[image: (2) a > b > 0]，

如图2甲，直线AB方程为[image: y=- \dfrac{a}{b}\left(x-c\right)]，
所以联立方程[image: \left\{\begin{array}{l}y= \dfrac{b}{a}x \\ y=- \dfrac{a}{b}\left(x-c\right)\end{array}\right.]，得[image: A\left( \dfrac{{a}^{2}}{c}, \dfrac{ab}{c}\right)]，
联立方程[image: \left\{\begin{array}{l}y=- \dfrac{b}{a}x \\ y=- \dfrac{a}{b}\left(x-c\right)\end{array}\right.]，得[image: B\left( \dfrac{{a}^{2}c}{{a}^{2}-{b}^{2}}, \dfrac{abc}{{b}^{2}-{a}^{2}}\right)]，
所以[image: S _{\triangle } _{AOB} =2ab ={S}_{\Delta BOF}-{S}_{\Delta AOF}= \dfrac{1}{2}c× \dfrac{abc}{{b}^{2}-{a}^{2}}- \dfrac{1}{2}c× \dfrac{ab}{c}]，
所以[image: 10{a}^{2}=4{c}^{2}]，即[image: e= \dfrac{c}{a}= \dfrac{ \sqrt{10}}{2}]，同理可得当[image: a > b > 0]时，满足条件的离心率[image: e= \dfrac{ \sqrt{6}}{2}]；
故选C．









例4、如图，已知双曲线的右焦点为，过的直线交双曲线的渐近线于两点，且直线的倾斜角是渐近线倾斜角的2倍，若，则该双曲线的离心率为（   ）
A. 



[image: ] 	B.  	C.  	D.  

[image: ]
[image: ]





例5、（2014年浙江）设直线与双曲线的两条渐近线分别交于点，若点满足，则该双曲线的离心率是________________.
[image: ]
[image: ]
[bookmark: _GoBack]（三）巩固练习
[bookmark: topic_1e844510-9b96-4cfd-9a53-fd130190bd]练习1、双曲线[image:  \dfrac{{x}^{2}}{{a}^{2}}- \dfrac{{y}^{2}}{{b}^{2}}=1\left(a > 0,b > 0\right) ]的左、右焦点分别为[image: {F}_{1},{F}_{2} ]，渐近线分别为[image: {l}_{1},{l}_{2} ]，点P 在第一象限内且在[image: {l}_{1} ]上，若[image: {l}_{2}⊥P{F}_{1},{l}_{2}/\!/P{F}_{2} ]，则该双曲线的离心率为[image: (]   [image: )]

A. [image:  \sqrt{5} ]	B. 2	C.	D. [image:  \sqrt{2} ]
解：[image: ∵]双曲线[image:  \dfrac {x^{2}}{a^{2}} - \dfrac {y^{2}}{b^{2}} =1(a > 0 , b > 0)]的左、右焦点分别为[image: F _{1}]，[image: F _{2}]，渐近线分别为[image: l _{1}]，[image: l _{2}]，点P在第一 象限内且在[image: l _{1}]上，[image: ∴F _{1} (-c , 0)F _{2} (c , 0)P(x , y)]，渐近线[image: l _{1}]的直线方程为[image: y= \dfrac {b}{a} x]，渐近线[image: l _{2}]的直线方程为[image: y=- \dfrac {b}{a} x]，[image: ∵l _{2} /\!/PF _{2}]，[image: ∴ \dfrac {y}{x-c}=- \dfrac {b}{a}]，即[image: ay=bc-bx]，[image: ∵]点P在[image: l _{1}]上即[image: ay=bx]，
[image: ∴bx=bc-bx]即[image: x= \dfrac {c}{2}]，[image: ∴P( \dfrac {c}{2} , \dfrac {bc}{2a} )]，[image: ∵l _{2} ⊥PF _{1}]，[image: ∴ \dfrac { \dfrac {bc}{2a}}{ \dfrac {3c}{2}}\cdot (- \dfrac {b}{a})=-1]，即[image: 3a ^{2} =b ^{2}]，
[image: ∵a ^{2} +b ^{2} =c ^{2}]，[image: ∴4a ^{2} =c ^{2}]，即[image: c=2a]，[image: ∴]离心率[image: e= \dfrac {c}{a} =2]．故选B．

[bookmark: topic_9526e1cb-f5e5-4a33-a495-43c2afbc9d]练习2、已知双曲线[image: \dfrac{{{x}^{2}}}{{{a}^{2}}}-\dfrac{{{y}^{2}}}{{{b}^{2}}}=1 (a > 0 , b > 0)]的左、右焦点分别为[image: F _{1}]、[image: F _{2}]，P为双曲线C上一点，Q为双曲线C渐近线上一点，P、Q均位于第一象限，且[image: \overrightarrow{QP}=\overrightarrow{P{{F}_{2}}}]，[image: \overrightarrow{Q{{F}_{1}}}\cdot \overrightarrow{Q{{F}_{2}}}=0]，则双曲线C的离心率为
A. [image: \sqrt{5}-1]	B. [image: \sqrt{3}]	C. [image: \sqrt{3}+1]	D. [image: \sqrt{5}+1]
解：由[image:  \overset{→}{Q{F}_{1}}· \overset{→}{Q{F}_{2}}=0 ]，知[image: |OQ|= \dfrac{1}{2} |F _{1} F _{2} |=c]，又Q点在渐近线[image: y= \dfrac{b}{a}x ]上，所以[image: Q(a , b)]，
从而有[image: P( \dfrac{a+c}{2}, \dfrac{b}{2}) ]，代入双曲线方程得[image:  \dfrac{(a+c{)}^{2}}{4{a}^{2}}- \dfrac{1}{4}=1 ]，
即[image: (1+e{)}^{2}=5 ]，[image: ∴ e= \sqrt{5}-1 ]，故选A．
[bookmark: topic_290a1454-92f0-4019-a3b4-98d586d0d5]练习3、已知[image: F _{1}]，[image: F _{2}]是双曲线C：[image: \dfrac{{{x}^{2}}}{{{a}^{2}}}-\dfrac{{{y}^{2}}}{{{b}^{2}}}=1\left( a > 0,b > 0 \right)]的左、右焦点，B是虚轴的上端点，直线[image: F _{1} B]与双曲线C的两条渐近线分别交于M、N两点，E是MN的中点，P是x轴上的点，若[image: \overrightarrow{O{{F}_{2}}}=2\overrightarrow{{{F}_{2}}P}]，[image: \overrightarrow{{{F}_{1}}E}\cdot \overrightarrow{EP}=0]，则双曲线C的离心率为________．
解：双曲线C：[image: \dfrac{{{x}^{2}}}{{{a}^{2}}}-\dfrac{{{y}^{2}}}{{{b}^{2}}}=1\left( a > 0,b > 0 \right)]，[image: F _{2} (c , 0)]，[image: O(0 , 0)]，设[image: P(x , y)]，
由[image: \overrightarrow{O{{F}_{2}}}=2\overrightarrow{{{F}_{2}}P}]，可得[image: (c , 0)=2(x-c , y)]，解得[image: x= \dfrac{3}{2}c]，[image: y=0]，所以[image: P( \dfrac{3}{2}c , 0)]，
直线[image: F _{1} B]的方程为[image: y= \dfrac{b}{c}(x+c)]，渐近线方程为[image: y=± \dfrac{b}{a}x]，
联立[image: y= \dfrac{b}{c}(x+c)]和[image: y=± \dfrac{b}{a}x]可得[image: M(- \dfrac{ac}{c+a}, \dfrac{bc}{c+a})]，[image: N( \dfrac{ac}{c-a}, \dfrac{bc}{c-a})]，
所以[image: E( \dfrac{a²c}{b²}, \dfrac{c²}{b})]，又[image: \overrightarrow{{{F}_{1}}E}\cdot \overrightarrow{EP}=0]，所以[image: \dfrac{ \dfrac{bc²}{b²}}{ \dfrac{a²c}{b²}- \dfrac{3}{2}c}=- \dfrac{c}{b}]，解得[image: \dfrac{b²}{a²}=2]，
所以离心率[image: e= \dfrac{c}{a}= \sqrt{1+ \dfrac{b²}{a²}}= \sqrt{3}]，故答案为[image: \sqrt{3}]．



 1 / 5

oleObject2.bin

image65.png
y=—"z—c




image66.png




image67.png




image68.png




image69.png
a‘c abe
a? — b2 b? — a?




image70.png
1 abe 1 ab
S840p = 2ab = SApor — Sad0F = ¢ X pp— 5 — e X




image71.png
1062 =
= 4¢?




image72.png




image73.png
a>b>0




image74.png




image3.wmf
22

22

0

xy

ab

-=


image75.wmf
22

22

1(0)

xy

ab

ab

-=>>


oleObject30.bin

image76.wmf
F


oleObject31.bin

oleObject32.bin

image77.wmf
l


oleObject33.bin

image78.wmf
,

AB


oleObject34.bin

image79.wmf
l


oleObject3.bin

oleObject35.bin

image80.wmf
OA


oleObject36.bin

image81.wmf
2

AFFB

=

uuuruuur


oleObject37.bin

image82.png




image83.wmf
32

4


oleObject38.bin

image84.wmf
23

3


oleObject39.bin

oleObject4.bin

image85.wmf
30

5


oleObject40.bin

image86.wmf
5

2


oleObject41.bin

image87.png




image88.png
PRl 2%, & ¥, BFHE
LAY B3N 04 st A st h o . MhBE/ ALK MF
Bh2afE, FIAAOFANER=AK, MAOMhsM , &

AF
FM, W8 FM LO4. RABEER, E:Z, BOF % Z40B#)

BERLE, FINEO4=20B, FilLOB=0OM , 5BAOFM &
AOFB,#{ABL OB. BAEHERZAMABO ha+2a=90°,

Fibla=30°, Bibla=+Bb, MTREBLEA ¥ .




image89.wmf
:30(0)

lxymm

-+=¹


oleObject42.bin

image90.wmf
22

22

1(0,0)

xy

ab

ab

-=>>


oleObject43.bin

image4.wmf
2

2

ABOM

b

kk

a

×=


image91.wmf
,

AB


oleObject44.bin

image92.wmf
(

)

,0

Pm


oleObject45.bin

image93.wmf
PAPB

=


oleObject46.bin

image94.png




image95.png
BEL AB MRS o

ABRYPEH DIEEOD. FD

88| PD L 4B (FEEE=AN)

R P (om0 EEL,

Fith [OP|=|0P'|=[0D]=m , FiiA £POD =20

B =L, Fidlip —tm2a=3

Bk Fop=

FiRE

~a




image96.png
i, B




image97.png
I, 1o




oleObject5.bin

image98.png
Iy L PFy,ly//PF,




image99.png




image100.wmf
3


oleObject47.bin

image101.png




image102.png
F




image103.png
Fy




image104.png
- Fi(=¢,0)Fy(c,0)P(z, y)




image105.png




image106.png
lz//PFz




image5.wmf
M


image107.png




image108.png
ay = bc — bx




image109.png
ay = bx




image110.png
b =bc—bx




image111.png
NN oY




image112.png
c be

S Py,




image113.png
12 iR PF]




image114.png




image115.png




image116.png




oleObject6.bin

image117.png




image118.png




image119.png




image120.png




image121.png
PF,




image122.png




image123.png
ot




image124.png
V3+1




image125.png
541




image126.png
QF-QF,=0




image6.wmf
AB


image127.png
1
10Q| = 5|Ff| = ¢




image128.png
Q(a,b)




image129.png
(ercé

2

)




image130.png
(a+c)2_1_

4a2

1=




image131.png
(14+e)?=5




image132.png
e=vh—1




image133.png
BB




image134.png




image135.png
RE-EP=0




image136.png
Fz(c, U)




oleObject7.bin

image137.png




image138.png
P(z,y)




image139.png
(c,0) =2(z — ¢,y)




image140.png




image141.png




image142.png
P(gc, 0)




image143.png
b
Yy *;(J“FC)




image144.png
ac be
c+adc+a

M(~




image145.png
ac be

N(

c—adc—a




image146.png
<

S




image7.wmf
2

a

x

c

=


image147.png




image148.png




image149.png




oleObject8.bin

image8.wmf
M


oleObject9.bin

image9.wmf
2

FM

^


oleObject10.bin

image10.wmf
2

FMb

=


oleObject11.bin

image11.wmf
2

,

aab

M

cc

æö

ç÷

èø


oleObject12.bin

image12.wmf
xa

=


oleObject13.bin

image13.wmf
M


oleObject14.bin

image14.wmf
12

FMFM

^


oleObject15.bin

image15.wmf
(

)

,

Mab


oleObject16.bin

image16.emf
x=

a

2

c

c

a

b

M

(

a2

c

,

ab

c

)

y

x

M

F

1

F

2


image17.emf
c

c c

M

(

a,b

)

x=a

y

x

A

1

M

F

1

F

2

A

2


image18.wmf
C


oleObject17.bin

image19.wmf
22

22

1(0,0)

xy

ab

ab

-=>>


oleObject18.bin

image20.wmf
12

,

FF


oleObject19.bin

image21.wmf
1

F


oleObject20.bin

oleObject21.bin

image22.wmf
,

AB


oleObject22.bin

image23.wmf
1

FAAB

=

uuuruuur


oleObject23.bin

image24.wmf
12

0

FBFB

×=

uuuruuuur


oleObject24.bin

oleObject25.bin

image25.wmf
2212

//

OABFBFOAOFBOF

ÞÐ=Ð=Ð


oleObject26.bin

image26.wmf
12

OBOFOF

==


oleObject27.bin

image27.wmf
2

OFB

D


oleObject28.bin

image28.wmf
00

2

60tan6032

b

BOFe

a

Ð=Þ==Þ=


oleObject29.bin

image29.png




image30.png




image31.png
TN =2MF




image32.png




image33.png




image34.png




image1.wmf
b

yx

a

=±


image35.png




image36.png




image37.png




image38.png




image39.png
b
IXT(ZE(;, E:L'(])




image40.png




image41.png




image42.png
be
Va2 + b2

|MF| = =0,|OM|=VOF*—MF2 =/ -1 =a




image43.png
“*2MF = FN, -, |FN| = 2b




image44.png
CoSn0FN = 2800MF




oleObject1.bin

image45.png
1
%x ¢ x |ON| xsin ZNOF =2 x 3 xacx sin ZMOF




image46.png
/L MOF = /NOF




image47.png
. |ON| =2a




image48.png
RtAOMN




image49.png
a® + 9% = 4a?




image50.png
- bZ

]




image51.png
Val + 0 2v3




image52.png
I




image53.png
Iy




image54.png
Snaop = 2ab(O




image2.wmf
x


image55.png




image56.png




image57.png
w

ot





image58.png
=




image59.png
SIS




image60.png
[NV e
o




image61.png




image62.png




image63.png
1b>a>0




image64.png
(2)a>b>0




